Abstract. The classification of gradings by abelian groups on finite direct sums of simple finite-dimensional nonassociative algebras over an algebraically closed field is reduced, by means of the use of loop algebras, to the corresponding problem for simple algebras. This requires a good definition of (free) products of group-gradings.
Introduction
In 1989, Patera and Zassenhaus [PZ89] undertook a systematic study of gradings by abelian groups on finite-dimensional simple Lie algebras over the complex numbers, with fine gradings as the central objects. A key example of fine grading is the root space decomposition of a finite-dimensional semisimple Lie algebra relative to a Cartan subalgebra, but there are many other fine gradings that reflect the symmetries of these algebras. A description of fine gradings on the classical simple Lie algebras (other than D 4 , which is exceptional in many aspects) over C followed in [HPP98] . The classification of fine gradings on all finite-dimensional simple Lie algebras over an algebraically closed field has been recently completed through the efforts of many authors: see [EK13, Yu16, Eld16] . A survey of the main ideas and results appears in [DE16] .
Many of the gradings that appear are related to gradings on simple associative or Jordan algebras, and the gradings by abelian groups on finite-dimensional simple Lie, associative, or Jordan algebras have also been classified in the last years (see [EK13] and the references therein). If the grading group becomes part of the definition of the grading, then the right classification is the classification of G-gradings up to isomorphism. On the other hand, any grading on a finite-dimensional algebra is a coarsening of a fine grading, so fine gradings, like the root space decomposition mentioned above, become the key objects of study and of classification up to equivalence.
Time is ripe to try to extend the known classifications on simple algebras to semisimple algebras. Usually, the word 'semisimple' refers to a given 'radical' being zero. However, in many cases of interest, like finite-dimensional Lie algebras over fields of characteristic zero, or finite-dimensional associative or Jordan algebras, the semisimple algebras are just the finite direct sums of simple algebras. In this paper, we will take this restricted definition of 'semisimple algebras'.
Therefore, in what follows, a semisimple algebra will refer to a finite direct sum of simple algebras. The word 'algebra' will refer to a vector space over a ground field F, endowed with a bilinear multiplication. No other restriction will be imposed, so our results apply to any variety of nonassociative (i.e., not necessarily associative) algebras.
The goal of this work is to show that the classification of gradings on semisimple algebras can be reduced, through the use of loop algebras, studied thoroughly in [ABFP08] , to the known classifications for simple algebras. This reduction is far from trivial, and requires some preparation, that includes a good definition of product gradings, which allow us to move from gradings on some algebras, to gradings on their direct sum.
In a recent paper [CDE18] , the study of gradings (and the affine group scheme of automorphisms) on the 10-dimensional Kac's Jordan superalgebra was reduced to the study of gradings on the direct sum of two copies of the 'tiny' (3-dimensional) Kaplansky superalgebra. In this case the dimension is small enough so that some 'ad hoc' arguments allow a complete classification. On the other hand, the first author has been able to reduce, in work in preparation, the classification of gradings on tensor products of Cayley algebras to the corresponding problem on cartesian products of Cayley algebras, where the results on this paper apply to reduce the problem to gradings on Cayley algebras, which are well understood [Eld98] . The tensor products of two Cayley algebras are examples of simple structurable algebras, that can be used to give some nice explicit constructions of the exceptional simple Lie algebras.
The next section will present the background needed on gradings. Some standard definitions will be slightly changed, in order to give a precise definition of product gradings. We are interested in gradings by abelian groups, but will also look to more general gradings, for which the notion of product grading is quite natural (Definition 2.16). Any general grading has a finest coarsening which is a groupgrading, with the same universal group. This is the clue to define the free product group-grading in Definition 2.20. Section 3 will be devoted to review the definition and some properties of loop algebras, defined and studied in [ABFP08] . The universal groups of the gradings on these algebras will be determined. These results are used in Section 4 to classify G-gradings, up to isomorphism, on finite-dimensional semisimple algebras over an algebraically closed field.
The final section 5 is devoted to fine group-gradings on semisimple algebras. In general, fine group-gradings on a semisimple algebra are equivalent to free product group-gradings of fine gradings on semisimple and graded-simple algebras, but some restrictions apply. Corollary 5.8 gives the classification, up to equivalence, of the fine group-gradings on finite-dimensional semisimple algebras over an algebraically closed field.
Background on gradings
This section is devoted to a review of the main concepts on gradings on algebras. The general background on gradings can be found in the monograph [EK13] . However some slight variations of the main definitions will be performed here, with a view towards a right definition of product gradings, which will be instrumental in classifying fine gradings, up to equivalence, on semisimple algebras.
2.1. Gradings. We start with a very general definition of grading. Definition 2.1. A grading on an algebra A over a field F is a set Γ of nonzero subspaces of A such that A = U∈Γ U and for any U, V ∈ Γ, there is W ∈ Γ such that UV ⊆ W.
There are several natural related notions in the situation of Definition 2.1:
• The pair (A, Γ) is said to be a graded algebra.
• The elements of Γ are called the homogeneous components. The nonzero elements of the homogeneous components are called homogeneous elements.
• A subalgebra S of A is called a graded subalgebra if S = U∈Γ U ∩ S. In this case
(1) Γ| S := {U ∩ S | U ∈ Γ and 0 = U ∩ S} is the induced grading on S. A graded ideal is an ideal which is, at the same time, a graded subalgebra.
• The graded algebra (A, Γ) is said to be graded-simple if A does not contain any proper graded ideal and A 2 = 0. In this case A 2 = A, as A 2 is always a graded ideal.
• Given another grading Γ ′ on A, Γ is said to be a refinement of Γ ′ (and Γ ′ a coarsening of Γ) if any subspace U ∈ Γ is contained in a subspace in Γ ′ . If at least one of these containments is proper, then the refinement is said to be proper. In this situation Γ is said to be finer than Γ ′ , and Γ ′ coarser than Γ, and the map π : Γ → Γ ′ , that sends any U ∈ Γ to the element U ′ ∈ Γ ′ that contains it, is a surjection. The refinement is proper if, and only if, π is not a bijection.
• The grading Γ is said to be fine if it admits no proper refinements.
Any grading on a finite-dimensional algebra is a coarsening of a fine grading.
• Given two graded algebras (A, Γ) and (
Given a graded algebra (A, Γ), consider the abelian group U (Γ) generated by the set Γ, subject to the relations UVW −1 = e (e denotes the neutral element) for each triple U, V, W in Γ such that 0 = UV ⊆ W:
That is, U (Γ) is the quotient of the free abelian group generated by Γ, modulo the normal subgroup generated by the elements UVW −1 above. Consider also the natural map:
where [U] denotes the class of U in U (Γ).
Definition 2.2. The pair U (Γ), δ U Γ is called the universal group of the grading Γ.
There is a natural notion of homomorphism between pairs (G, δ), for a group G and a map δ : Γ → G. Given two such pairs (G i , δ i ), i = 1, 2, a homomorphism is a group homomorphism ϕ :
Example 2.3. The trivial grading on a nonzero algebra A is the grading Γ = {A}. We have two possibilities for its universal group:
Example 2.4. Consider the cartesian product A = F × F = Fe 1 ⊕ Fe 2 , for the orthogonal idempotents e 1 = (1, 0) and e 2 = (0, 1). Then Γ = {Fe 1 , Fe 2 } is a grading. Denote u i := Fe i , i = 1, 2. Then
= u 2 = {e} is the trivial group, even though our grading Γ is not trivial.
The next result is a direct consequence of the definitions:
is commutative.
The universal group is strongly related to the group of diagonal automorphisms in the affine group schemes sense.
Recall that an affine group scheme over F is a representable functor from the category Alg F of unital associative commutative F-algebras (not necessarily of finite dimension) to the category of groups (see, for instance, [Wat79] , [KMRT98, Chapter VI] 
For example, the automorphism group scheme Aut F (A) of a finite-dimensional algebra A is defined by Aut F (A)(R) = Aut R (A ⊗ F R) for every object R in Alg F . (This may be strictly larger than the affine group scheme corresponding to the algebraic group Aut F (A).)
Given a finite-dimensional graded algebra (A, Γ), the diagonal group scheme of Γ, denoted by Diag Γ (A), is the subgroup scheme of Aut F (A) whose R-points consist of the automorphisms of A⊗ F R which act on each U⊗ F R, U ∈ Γ, by multiplication by a scalar r U ∈ R × (R × denotes the group of invertible elements in R). Thus, any R-point of Diag Γ (A) is determined by a collection of elements
Given any finitely generated abelian group G, its Cartier dual G D is the affine group scheme represented by the group algebra FG. Its R-points consist of the algebra homomorphisms FG → R, which can be identified with the group homomorphisms G → R × . The affine group schemes isomorphic to G D for a finitely generated abelian group are called diagonalizable. Theorem 2.6. Let (A, Γ) be a finite-dimensional graded algebra. Then the affine group scheme Diag Γ (A) is naturally isomorphic to U (Γ) D .
2.2. Group-gradings. We are mainly interested in gradings by abelian groups:
Definition 2.7. Given an abelian group G, a G-grading on an algebra A is a triple (Γ, G, δ), where Γ is a grading on A, and δ : Γ → G is a one-to-one map, such that for any U, V, W ∈ Γ such that 0 = UV ⊆ W, δ(U)δ(V) = δ(W).
Given a G-grading (Γ, G, δ), define A g = U if δ(U) = g, and define A g = 0 if g is not in the range of δ. Then A = g∈G A g , and we recover the usual expression for a G-grading. The map δ is called the degree map. For A g = 0, δ(A g ) is simply g. We also write deg(x) = g for any 0 = x ∈ A g .
As shown in [EK13, Proposition 1.36], a G-grading on an algebra A corresponds to a homomorphism of affine group schemes G D → Aut F (A). For every object R in Alg F , the image of a group homomorphism f : G → R × (i.e., an R-point of the Cartier dual G D ), is the automorphism of A ⊗ F R such that x g ⊗ r → x g ⊗ f (g)r, for any x g ∈ A g and r ∈ R.
As for general gradings, there are several natural related notions in the situation of Definition 2.7:
• The 4-tuple (A, Γ, G, δ) is said to be a G-graded algebra. If the other components are clear from the context, we may refer simply to a G-graded algebra A.
• The range of δ is the subset Supp G (Γ) := {g ∈ G : A g = 0}, which is called the support of the G-grading.
• Given a G-graded algebra (A, Γ, G, δ), any graded subalgebra S of the graded algebra (A, Γ) gives rise to the G-graded algebra (S, Γ| S , G, δ| S ), Γ| S as in (1), with δ| S (U ∩ S) = δ(U). When referring to a G-graded subalgebra of (A, Γ, G, δ) we will mean a graded subalgebra S of (A, Γ), endowed with the G-grading above. The same applies to G-graded ideals.
• Given a G-graded algebra (A, Γ, G, δ) and an abelian group H, any group homomorphism β :
In this case, the grading (Γ ′ , H, δ ′ ) is said to be the coarsening of (Γ, G, δ) induced by β. Definition 2.8. A grading Γ on an algebra A is called a group-grading if there is an abelian group G and a G-grading of the form (Γ, G, δ) (i.e., the first component of the G-grading is Γ).
In this situation, we say that Γ can be realized as a G-grading, or by the Ggrading (Γ, G, δ), and we will talk about the group-graded algebra (A, Γ).
A group-grading Γ on an algebra A is said to be a fine group-grading if it admits no proper refinements in the class of group gradings. Any group-grading on a finite-dimensional algebra is a coarsening of a fine group-grading.
Remark 2.9. If char F = 2, then the algebra F × F admits a unique group-grading: the trivial one. Thus the trivial grading is a fine group-grading, but it is not a fine grading, because the grading considered in Example 2.4 is finer. Note that Aut F (F × F) = C 2 , the constant group scheme corresponding to the cyclic group of order 2: C 2 , which is not diagonalizable because char F = 2.
(Note that if char F = 2, the trivial grading can be refined to the grading by Z/2 with (F × F)0 = F(1, 1) and (F × F)1 = F(1, −1).)
The next result, whose proof is straightforward, characterizes group-gradings and explains the adjective universal in the definition of the universal group: Theorem 2.10. Let (A, Γ) be a graded algebra, with universal group U (Γ), δ U Γ . Then Γ is a group-grading if and only if δ U Γ is one-to-one. In this case (A, Γ,
Moreover, if Γ can be realized by the G-grading (Γ, G, δ), then there is a unique group homomorphism ϕ : U (Γ) → G, such that the diagram
We end this subsection with a trivial but useful remark:
2.3. The group grading induced by a grading. Given any grading Γ, there is always a natural group-grading attached to it.
Definition 2.12. Let Γ be a grading on the algebra A, and let U (Γ), δ U Γ be its universal group. The coarsening Γ gr defined by
is called the group-grading induced by Γ. The grading Γ gr can be realized by the
. Theorem 2.10 implies our next result: Theorem 2.13. Let Γ be a grading on an algebra A with universal group U (Γ), δ U Γ .
• Γ is a group-grading if and only if Γ = Γ gr . (Hence δ
• For any abelian group G, and any G-grading (Γ ′ , G, δ ′ ) such that Γ ′ is a coarsening of Γ, there is a unique group homomorphism β :
is, up to isomorphism, the universal group of Γ gr .
Proof. The first part is clear. As for the second part, since Γ ′ is a coarsening of Γ, there is the attached surjective map π : Γ → Γ ′ . The composite map δ ′ • π : Γ → G induces a unique group homomorphism from the free abelian group generated by Γ into G, which factors through U (Γ), thus giving the desired group homomorphism β : U (Γ) → G.
In particular, the grading in Example 2.4 is not a group-grading, because Γ gr = {A}.
Example 2.14. Consider the special linear Lie algebra of degree 2:
over a ground field F of characteristic not 2. This is a simple Lie algebra, its bracket is determined by:
On the cartesian product L = sl 2 × sl 2 of two copies of sl 2 , consider the following grading introduced in [Eld09] :
It is straightforward to check that it is a grading, but not a group-grading. Then the universal group U (Γ) is generated by α :
, and ǫ = 0 × F(E − F ), subject to the following conditions obtained from (2):
is generated by (the classes of) β and δ and it is isomorphic to Z × (Z/2). Moreover, the induced group-grading is
Later on we will come back to this semisimple algebra L = sl 2 × sl 2 .
Equivalence of gradings is clearly inherited by the induced group-gradings:
is called the product grading of the Γ i 's.
The universal group of the product grading is easily seen to be
given by the following formulas:
Example 2.17. The grading in Example 2.4, which is not a group-grading, is the product grading of the trivial gradings on the two copies of F.
As the previous example shows, even if Γ 1 , . . . , Γ n are group-gradings, the product grading may fail to be so. Therefore we need a different definition of product grading for group-gradings. Definition 2.18. Let G i be an abelian group and let
= 0, if there are at least two indices 1 ≤ i < j ≤ n with g i = e = g j .
Our next result shows the naturality of this definition.
Theorem 2.19. Let Γ i be a group-grading on an algebra A i , and let
be its universal group, i = 1, . . . , n. Then the product group-grading
coincides with the induced group-grading
(That is, the group-grading induced from the product grading Γ 1 × · · · × Γ n , with its universal grading group.)
Proof. We already know (see Theorem 2.13 and Equation (3)) that
Now everything follows from the definition of the group-grading induced by a grading.
This result motivates our next definition:
Definition 2.20. Let Γ i be a group-grading on an algebra
Corollary 2.21. Let the group-graded algebras (A i , Γ i ) and (B i ,Γ i ) be equivalent, for i = 1, . . . , n. Then so are the group-graded algebras (
Example 2.22. Over an algebraically closed ground field F of characteristic not 2, consider the simple Lie algebra sl 2 . Up to equivalence, there are only two fine gradings on sl 2 (see [EK13, Theorem 3.55]):
• Γ 1 sl2 with universal group Z and homogeneous components:
• Γ 2 sl2 with universal group (Z/2) 2 and homogeneous components:
The gradings on L = sl 2 × sl 2 obtained as free product group-gradings of the fine gradings above are the following:
with universal group Z × Z and homogeneous components:
with universal group Z × (Z/2) 2 and homogeneous components:
with universal group (Z/2) 4 and homogeneous components:
It is checked easily that all these free product gradings are fine group-gradings, but we will prove (see Corollary 5.8 and Example 5.10) that they do not exhaust the list of fine group-gradings, up to equivalence, on the semisimple algebra L.
Besides the product grading, the product group-grading, and the free product group-grading, there is one more natural definition of product of gradings in case the grading group is fixed.
Given an abelian group G, and G-graded algebras (
Definition 2.23. The G-grading above will be denoted by
Loop algebras
A key role in understanding gradings on semisimple algebras is played by loop algebras, as defined in [ABFP08] .
Definition 3.1. ([ABFP08, Definition 3.1.1]) Let π : G → G be a surjective group homomorphism between the abelian groups G and G. Given any G-graded algebra (A, Γ, G,δ), the associated loop algebra is the G-graded algebra (
From its own definition, the following result is clear:
Proposition 3.2. The dimension of the loop algebra L π (A) is finite if and only if so is the dimension of A and ker π is finite.
Recall that given any G-graded algebra (A, Γ, G, δ), the same grading Γ can be realized as a group-grading by different groups and, in particular, by its universal group. Given a surjective group homomorphism π : G → G and a G-graded algebra, we may consider the universal groups of the gradings in both this algebra and the associated loop algebra. 
& & ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ G (Recall that this implies that A = ū∈U A ′ū , with A ′ū = Aᾱ (ū) for anyū ∈ U .) Let (L π (A) , Γ, G, δ) be the associated loop algebra, with universal group (U, δ U Γ ), and let α be the (unique) group homomorphism making commutative the diagram
U is surjective and the restriction α| ker π U is a bijection ker π U → ker π. Besides, the U -graded algebra (A, Γ, U , δ U Γ ) and the surjective group homomorphism
, and the map
Proof. The grading Γ is realized as a G-grading: A = ḡ∈G A g and as a U -grading:
, and this defines a unique group homomorphism π U : U → U , u →ū (note that Supp U (Γ) generates the universal group U and the same for Γ and U ), such that the diagram (5) commutes. This homomorphism π U is surjective. For any h ∈ ker π and g ∈ Supp G Γ, L π (A) g = A π(g) ⊗ g = 0, and hence we have L π (A) gh = A π(gh) ⊗ gh = A π(g) ⊗ gh = 0, so that gh ∈ Supp G (Γ). Therefore g = α(u) and gh = α(u ′ ) for some u, u ′ ∈ U , and this shows that h = α(u ′ u −1 ). Therefore the restriction α| ker π U : ker π U → ker π is onto. On the other hand, if u ∈ ker π U ∩ ker α, and g ∈ Supp G (Γ), there is an element u ∈ U with α(u) = g, and
The last part is clear.
Corollary 3.4. Let π : G → G be a surjective group homomorphism of abelian groups. Let (A, Γ, G,δ) be a G-graded algebra, and let (L π (A), Γ, G, δ) be the associated loop algebra. Then (G,δ) is, up to isomorphism, the universal group of Γ if and only if (G, δ) is, up to isomorphism, the universal group of Γ.
Recall that given an F-algebra A, its centroid C(A) is the centralizer in End F (A) of the (associative) subalgebra Mult(A) generated by the left and right multiplications by elements in A. The algebra A is said to be central simple if it is simple and C(A) = F1 (here 1 denotes the unity of End Given an abelian group G and a G-graded algebra (A, Γ, G, δ), we have A = g∈G A g , and we may consider the subspaces of the centroid:
In general g∈G C(A) g may fail to be the whole centroid C(A). The G-graded algebra (A, Γ, G, δ) is said to be graded-central if C(A) e = F1, and graded-central-simple if it is graded-central and graded-simple.
We collect in the next result the properties on loop algebras that will be needed later on:
Theorem 3.5. Let G be an abelian group.
(1) If a G-graded algebra (A, Γ, G, δ) is graded-simple, then C(A) = g∈G C(A) g (i.e., the centroid is G-graded too). This G-grading on C(A) will be denoted by (Γ C(A) , G, δ C(A) ). (2) If a G-graded algebra (A, Γ, G, δ) is graded-simple and H denotes the support of the induced grading on the centroid: H = Supp G (Γ C(A) ), then H is a subgroup of G. Moreover, if the ground field F is algebraically closed and (A, Γ, G, δ) is graded-central-simple, then the centroid C(A) is isomorphic, as a G-graded algebra, to the group algebra FH with its natural G-grading ( FH h = Fh for h ∈ H, and FH g = 0 for g ∈ G \ H).
(3) Let π : G → G be a surjective group homomorphism with kernel H and let (A, Γ, G,δ) be a central simple G-graded algebra. Then the associated loop algebra (L π (A), Γ, G, δ) is graded-central-simple and the map
for any g ∈ G and x ∈ A π(g) , is an isomorphism of G-graded algebras. (4) Let (B,Γ, G,δ) be a graded-central-simple G-graded algebra. Assume that the ground field F is algebraically closed, and let H be the support of the induced grading on the centroid: H = Supp G (Γ C(B) ). Let π : G → G be a surjective group homomorphism with kernel H. Then there exists a central simple G-graded algebra (A, Γ, G,δ) such that (B,Γ, G,δ) is isomorphic, as a G-graded algebra, to the associated loop algebra (L π (A), Γ, G, δ). Moreover, the algebra A is a quotient of B (i.e., there is a surjective homomorphism of algebras B → A).
(5) Assume that the ground field F is algebraically closed. Let H 1 and H 2 be subgroups of G, consider the quotient groups G i = G/H i and the nat-
simple G i -graded algebra for i = 1, 2. Then the associated loop algebras The condition of a group-grading being fine is well behaved with respect to the loop algebra construction: Proposition 3.6. Let π : G → G be a surjective group homomorphism with kernel H, let (A, Γ, G,δ) be a G-graded algebra and let (L π (A), Γ, G, δ) be the associated loop algebra.
• If Γ is a fine group-grading, so is Γ.
• If A is central simple and Γ is a fine group-grading, so is Γ.
Proof. If Γ is fine, as a group-grading, and Γ ′ is group-grading that properly refines Γ with universal group (K,δ ′ ): Γ ′ : A = k∈K A ′ k , then by Theorem 2.10 there is a group homomorphism ϕ : K → G with ϕδ ′ =δ. Then we may define a G × K-grading on L π (A) by means of:
otherwise, that properly refines Γ, a contradiction. Conversely, assuming that A is central simple and Γ is a fine group-grading, let Γ ′ be a group-grading that properly refines Γ with universal group (K, δ ′ ). As before, there is a group homomorphism ϕ : We finish this section with the characterization of the semisimple loop algebras. Recall that, in this paper, a semisimple algebra is a finite direct sum of simple ideals or, alternatively, an algebra that is isomorphic to a finite cartesian product of simple algebras. If an F-algebra A becomes semisimple after extending scalars to an algebraic closure F, then it is semisimple. This is due to the fact that being semisimple means that it is completely reducible as a module for the multiplication algebra Mult(A), with only finitely many irreducible submodules, and if a module is completely reducible after extension of scalars, it is indeed completely reducible (see, for instance, [Jac62, Lemma III.4]).
Theorem 3.7. Let π : G → G be a surjective group homomorphism of abelian groups with finite kernel H = ker π. Let (A, Γ, G,δ) be a central simple G-graded algebra and let (L π (A), Γ, G, δ) be the associated loop algebra. Then L π (A) is semisimple if and only if the characteristic of F does not divide the order of H.
If this is the case, and if the ground field F is algebraically closed, then L π (A) is isomorphic to the cartesian product of |H| copies of A.
Proof. If char (F) divides |H| then c = h∈H h is a nonzero element of the group algebra FH such that c 2 = |H|c = 0. By Theorem 3.5. (3) there is a nonzero element c ∈ C L π (A) withc 2 = 0 and hence the square of the nonzero idealcL π (A) is zero, and L π (A) is not semisimple.
On the other hand, if char (F) does not divide n = |H|, in order to show that L π (A) is semisimple, we may assume that F is algebraically closed. In this case, the group of characters of H consists of n elements (see [Jac89, §5.6]): H = {χ 1 , . . . , χ n }. Also, as F is algebraically closed, F × is a divisible group, that is, an injective Z-module ([Jac89, §3.11]) and hence these characters may be extended to characters on the whole G. Consider the linear map:
The linear map Φ is a homomorphism of G-graded algebras, where the G-grading on L π (A) is given by the coarsening of Γ induced by π, and the G-grading on A × · · · × A is the product G-grading (Definition 2.23). For anyḡ ∈ G in the support of Γ, fix a pre-image g ∈ G, and let H = {h 1 , . . . , h n }. The restriction of Φ to the homogeneous component of degreeḡ is given by:
where a 1 , . . . , a n ∈ Aḡ. The linear independence of characters shows that the matrix
is regular, and thus so is χ j (gh i ) 1≤i,j≤n . Hence Φ is bijective on each nonzero homogeneous component of the G-gradings.
Remark 3.8. The proof of Theorem 3.7 shows that for a loop algebra L π (A) of a central simple algebra A, with the kernel of π being finite, L π (A) is a direct sum of simple algebras if and only if it contains no proper ideal with zero square. The two natural notions of semisimplicity agree in this case.
Classification up to isomorphism
Theorems 3.5 and 3.7 allow us, given an abelian group G, to classify G-gradings, up to isomorphism, in finite-dimensional semisimple algebras over an algebraically closed field, by reducing the problem to the analogous problem for simple algebras.
Theorem 4.1. Let F be an algebraically closed ground field, and let G be an abelian group.
(1) Let (B, Γ, G, δ) be a semisimple G-graded algebra, then (B, Γ, G, δ) is isomorphic, as a G-graded algebra, to a product G-grading
are uniquely determined up to reordering and G-graded isomorphisms.
(2) Any finite-dimensional graded-simple G-graded algebra (B,Γ, G,δ) is isomorphic, as a G-graded algebra, to the loop algebra (L π (A), Γ, G, δ) associated to a surjective group homomorphism π : G → G with finite kernel H, and a central simple G-graded algebra (A, Γ, G,δ). The algebra A is a quotient of B.
Moreover, in this situation B is semisimple if and only if char F does not divide the order of H.
Proof. Let (B, Γ, G, δ) be a semisimple G-graded algebra. Then B is a finite direct sum of simple ideals: B = m i=1 J i . Thus B contains only a finite number of ideals, as each ideal is a sum of some of the J i 's: If J is a nonzero ideal of B, any element x ∈ J can be written uniquely as
is a nonzero ideal of the simple algebra J i , and hence
is a graded ideal too, and B = J ⊕ J ′ . If the semisimple G-graded ideal J ′ is not graded simple we apply the same argument to it. It follows that B is the direct sum of its graded-simple ideals, each of which is a direct sum of some of its simple ideals. This proves the first part. (Note that this part does not require the ground field to be algebraically closed or the algebra to be finite-dimensional.)
Now, if (B, Γ, G, δ) is a finite-dimensional graded-simple and semisimple Ggraded algebra, the neutral component of its centroid C(B) e is a finite field extension of F, and since this is algebraically closed, C(B) e = F1 and (B, Γ, G, δ) is graded-central-simple. Part (4) of Theorem 3.5 and Theorem 3.7 prove part (2). Example 4.2. Let F be an algebraically closed field of characteristic not 2, and let G be an abelian group. [EK13, Theorem 3.49] shows that any G-grading on sl 2 is isomorphic to one of the following gradings:
• Γ 1 sl2 (G, g) for an element g ∈ G, determined by deg(E) = g, deg(H) = e and deg(F ) = g −1 . (If g = e, this is the trivial grading.)
, where a, b, c are the nontrivial elements of T . Moreover, gradings of different types are not isomorphic and
Theorems 4.1 and 3.7 show that given any abelian group G, any G-grading on L = sl 2 × sl 2 making it a graded-simple algebra (i.e., the two copies of sl 2 are not graded ideals) is isomorphic to the grading of a loop algebra (L π (sl 2 ), Γ, G, δ), where π : G → G is a surjective group homomorphism with ker π of order 2: ker π = h , h of order 2, obtained from a grading (sl 2 , G, Γ,δ). The loop algebra is isomorphic to L by means of the isomorphism in Equation (6), which allows us to transfer easily the grading on L π (sl 2 ) to L.
If Γ is isomorphic to Γ 1 sl2 (G,ḡ), for someḡ ∈ G, the corresponding grading on L will be denoted by Γ
2 , the corresponding grading on L will be denoted by ,ḡ) are quite simple to describe if the surjective group homomorphism π : π −1 ( ḡ ) → ḡ splits. That is, if there is an element g ∈ G with π(g) =ḡ and h does not belong to the subgroup generated by g. In this case π −1 ( ḡ ) is the direct product of the subgroups g and h . In this situation, the nontrivial character on ker π = h (χ(h) = −1) extends to a character χ on G with χ(g) = 1. The isomorphism in (6) becomes here the isomorphism
In the same vein, the gradings Γ 2 L (G, h, T ) are very easy to describe in case π −1 (T ) is a 2-elementary subgroup (of order 8). That is, if there are order 2 elements a, b ∈ G, such that π −1 (T ) = h, a, b . In this situation, the character χ can be taken to satisfy χ(a) = χ(b) = 1, and the G-grading Γ 2 L (G, h, T ) is given by:
In Example 5.10 there appears the case in which π −1 (T ) is not 2-elementary abelian, and hence it is isomorphic to Z/4 × Z/2.
Fine group-gradings on semisimple algebras
Fine (general) gradings behave very well with respect to cartesian products:
Proposition 5.1. Let Γ be a fine grading on an algebra which is a direct sum of graded ideals B = B 1 ⊕ · · · ⊕ B n . Let Γ i = Γ| B i be the induced grading on B i for each i = 1, . . . , n. Then each Γ i is a fine grading, and Γ is equivalent to the product grading Γ| B 1 × · · · × Γ| B n on B 1 × · · · × B n (naturally isomorphic to B). Conversely, let Γ i be a fine grading on B i , for i = 1, . . . , n, then the product grading
i is a refinement of Γ so, as Γ is fine, they are equal. Under the natural isomorphism B ∼ = B 1 × · · · × B n ,Γ becomes the product grading Γ 1 × · · · × Γ n . Besides, any refinement of Γ i for an index i gives a refinement of the union Γ, and hence each Γ i is fine. The converse is clear.
However, for fine group-gradings, only one direction works: Proposition 5.2. Let Γ be a fine group-grading on an algebra which is a direct sum of graded ideals: B = B 1 ⊕ · · · ⊕ B n . Let Γ i = Γ| B i be the induced grading on B i for each i = 1, . . . , n. Then each Γ i is a fine group-grading, and Γ is equivalent to the free product group-grading
Proof. Through the natural isomorphism B ∼ = B 1 ×· · ·×B n , Γ becomes a grading on B 1 ×· · ·×B n which is a coarsening of the free product group-grading Γ 1 ×· · ·×Γ n gr by Theorem 2.13. Since Γ is fine, they are equivalent. Again, any group-grading that properly refines any of the Γ i , gives a proper refinement of Γ 1 × · · · × Γ n gr . Since this is a fine group-grading, it follows that each Γ i is a fine group-grading.
Example 5.3. Assume that the characteristic of F is not 2. The trivial groupgrading on F × F is the product group-grading of the trivial group-grading on each copy of F. Observe that the trivial grading on F is fine. However, as observed in Remark 2.9, the grading by the cyclic group of order 2: C 2 = {e, g}, with (F × F) e = F(1, 1) and (F × F) g = F(1, −1), shows that the trivial grading on F × F is not fine. Hence, in general, the free product group-grading of fine group-gradings is not necessarily a fine group-grading.
There appears a natural question: Under what conditions the free product group-grading of fine group-gradings is a fine group-grading? For nontrivial fine group-gradings on graded-simple algebras (and this is the situation for finite-dimensional semisimple Lie algebras) the answer is easy: . . , n, and assume that there is a group-grading Γ ′ on B that refines (Γ 1 × · · · × Γ n ) gr . As Γ i is not trivial, there is an element e = u ∈ U i such that (B i ) u = 0. Then by Theorem 2.19, the universal group of (
u is a sum of homogeneous spaces of Γ ′ , so there is a nonzero element x ∈ (B i ) u which is homogeneous for Γ ′ . But by the graded-simplicity of (B i , Γ i ), the ideal of B generated by the homogeneous element x is B i , and hence B i is a graded ideal for Γ ′ . Since Γ i is fine and Γ ′ | B i refines it, we obtain Γ ′ | B i = Γ i for any i, and thus
The next example shows that there are nontrivial examples of simple algebras for which the trivial grading is a fine group-grading.
Example 5.5. Let A = Fa ⊕ Fb be the algebra with a 2 = a, ab = b, ba = 0, and b 2 = a + b. It is easy to see that A is simple. For any R in Alg F and any automorphism ϕ ∈ Aut R (A ⊗ F R), ϕ(a) = a because a is the only left unity of A ⊗ F R. If ϕ(b) = ra + sb, r, s ∈ R, then from 0 = ϕ(ba) = ϕ(b)a = (ra + sb)a = ra we obtain r = 0. Now ϕ(b 2 ) = ϕ(a + b) = a + sb, while ϕ(b) 2 = s 2 (a + b), so s 2 = 1 = s and ϕ is the identity. Therefore the affine group scheme Aut F (A) is trivial, and hence the only group-grading is the trivial one.
The situation in Theorem 5.4 changes in presence of simple algebras admitting no nontrivial group-gradings, that is, simple algebras for which the trivial grading is fine. We first need a previous result.
Lemma 5.6. Let A be a central simple algebra over an algebraically closed field F with no nontrivial group-gradings. Then the trivial grading on A × · · · × A (n ≥ 2 copies of A) is a fine group-grading if and only if n = 2 and char F = 2.
Proof. If n = 2 and char F = 2, then A × A is isomorphic to A ⊗ F (F × F). The C 2 -grading on F × F in Example 5.3 induces a nontrivial C 2 -grading on A × A, with (A × A) e = {(x, x) | x ∈ A} and (A × A) g = {(x, −x) | x ∈ A}. Therefore the trivial grading on A × A is not fine.
If n ≥ 3 and char F = 2, we may use the above to define a nontrivial grading on A× A and hence take the product grading with the trivial grading on the remaining factors to get a nontrivial grading on A × A × · · · × A.
If n ≥ 3 and char F = 2, consider the cyclic group of order 3: C 3 , and its projection onto the trivial group π : C 3 → 1. Take G = C 3 , G = 1 and Γ the trivial grading on A. Consider the associated loop algebra (L π (A), Γ, G, δ). Its grading Γ is not trivial, and L π (A) is isomorphic to A × A × A (Theorem 3.7). Therefore there are nontrivial group-gradings on A × A × A, and hence also on the cartesian product of n ≥ 3 copies of A.
On the other hand, if n = 2 and char F = 2, and if Γ were a nontrivial groupgrading on A × A with universal group (U, δ), then (A × A, Γ, U, δ) would be a semisimple and graded-simple algebra, with centroid isomorphic to F × F. By Theorem 4.1.(2) (A × A, Γ, U, δ) would be isomorphic to a loop algebra of the form
, with π : U → U a surjective group homomorphism with kernel H of order 2 and a central simple U -graded algebra A ′ . But then L π (A ′ ) would be semisimple, and this would contradict Theorem 3.7.
Theorem 5.7. Let the ground field F be algebraically closed. For i = 1, . . . , n, let Γ i be a fine group-grading on an algebra
is a fine group-grading if and only if either:
• char F = 2 and for any index i such that Γ i is trivial, there is at most one other index j such that (B i , Γ i ) and (B j , Γ j ) are equivalent (i.e., Γ j is trivial and B j is isomorphic to B i ).
• char F = 2 and for any index i such that Γ i is trivial, there is no other index j such that (B i , Γ i ) and (B j , Γ j ) are equivalent. and Γ k and such that B i , B j and B k are isomorphic, then the graded-centralsimplicity implies the central simplicity of these algebras, and Lemma 5.6 shows that there is a nontrivial grading on
which is the trivial grading) is not fine and Proposition 5.2 shows that (Γ 1 × · · · × Γ n ) gr is not fine. The situation for char F = 2, with two indices i, j with trivial gradings Γ i and Γ j and such that B i and B j are isomorphic, is similar.
On the other hand, assume that the hypotheses on the trivial gradings are satisfied. The arguments in the proof of Theorem 5.4 show that if Γ ′ is a group-grading on B that refines (Γ 1 × · · · × Γ n ) gr , and if Γ i is not trivial, then B i is a graded ideal for Γ ′ , and Γ ′ | B i coincides with Γ i . Consider the subset of indices J = {i | 1 ≤ i ≤ n and Γ i is the trivial grading:
As J = i ∈J B i is a graded ideal for Γ ′ , the first arguments in the proof of Theorem 4.1 show that J ′ = j∈J B j is also a graded ideal of B for Γ ′ . For j ∈ J, B j is central simple (being graded-central-simple and Γ j being trivial), so J ′ is semisimple. Thus each ideal of J ′ is of the form B j1 ⊕ · · · ⊕ B jr for some indices j 1 < · · · < j r in J. The centroid of such an ideal is the cartesian product of r copies of F. In particular its dimension is finite.
Then J ′ is a direct sum of graded-central-simple ideals for Γ ′ | J ′ (Theorem 4.1.
(1)), each of which is isomorphic to a loop algebra (Theorem 3.5.(4)) with finite kernel, and hence isomorphic to the cartesian product of a number of copies of a simple algebra, with char F not dividing this number of copies (Theorem 3.7). Our hypotheses imply, due to Lemma 5.6, that the graded-simple ideals of Γ ′ | J ′ are precisely the B j 's, j ∈ J and, since Γ j is fine, Γ ′ | B j is the trivial grading for any j ∈ J. We conclude that
Our last result classifies fine group-gradings, up to equivalence, in finite-dimensional semisimple algebras over an algebraically closed field. Recall that a finite-dimensional (graded-)simple algebra over an algebraically closed field is (graded-)central-simple. (See the last part of the proof of Theorem 4.1.)
Corollary 5.8. Let the ground field F be algebraically closed.
(1) Any fine group-grading on a finite-dimensional semisimple algebra is equivalent to a free product group-grading (Γ 1 × · · · × Γ n ) gr , with the Γ i 's being fine group-gradings on a semisimple graded-simple algebra B i , satisfying one of the following extra conditions:
• char F = 2 and for any index i such that Γ i is trivial, there is at most one other index j such that (B i , Γ i ) is equivalent to (B j , Γ j ).
• char F = 2 and for any index i such that Γ i is trivial, there is no other index j such that (B i , Γ i ) is equivalent to (B j , Γ j ). And conversely, any such free product group-grading is a fine group-grading.
Moreover, the factors (B i , Γ i ) are uniquely determined, up to reordering and equivalence.
(2) Any finite-dimensional graded-simple algebra (B, Γ ′ ) such that Γ ′ is a fine group-grading is equivalent to a loop algebra (L π (A), Γ, U, δ) associated to a surjective group homomorphism π : U → U with finite kernel, and a simple finite-dimensional graded algebra (A, Γ, U ,δ) with Γ a fine group-grading with universal group (U ,δ).
Conversely, if (A, Γ, U ,δ) is a simple finite-dimensional graded algebra with Γ a fine group-grading with universal group (U ,δ), and π : U → U is a surjective group homomorphism with finite kernel, then the corresponding grading on the associated loop algebra is fine.
Moreover, in this situation B is semisimple if and only if char F does not divide the order of ker π. 
Proof. As in the proof of Theorem 4.1.(1) any semisimple graded algebra is uniquely, up to a permutation of the summands, a direct sum of graded-simple ideals. Now part (1) follows from Proposition 5.2 and Theorem 5.7.
Part (2) follows from Theorem 4.1. (2) and Proposition 3.6. For part (3) note that by Corollary 3.4, (U i , δ i ) is, up to isomorphism, the universal group of (L π i (A i ), Γ i ) for i = 1, 2. An equivalence ψ : (L π 1 (A 1 ), Γ 1 ) → (L π 2 (A 2 ), Γ 2 ) induces, by Proposition 2.5, a group isomorphism α
Since ker π i is the support of the grading induced by Γ i on the centroid C L π i (A i ) , it follows that α U ψ takes ker π 1 to ker π 2 , and hence induces an isomorphismᾱ , then the map ψ given by x ⊗ g → ϕ(x) ⊗α U ϕ (g), for g ∈ U and x ∈ (A 1 ) π 1 (g) , is an equivalence (L π 1 (A 1 ), Γ 1 ) → (L π 2 (A 2 ), Γ 2 ).
In general, the group isomorphism α U ϕ at the end of the previous proof cannot be extended to a group isomorphism U 1 → U 2 , as our next example shows.
Example 5.9. Let J = F1 ⊕ Fu ⊕ Fv be the unital commutative algebra with u 2 = v 2 = 1, uv = 0. This is the Jordan algebra of a two-dimensional quadratic form. It is simple.
Consider the group-grading Γ 1 on J by U = (Z/2) 2 , with J (0,0) = F1, J (1,0) = Fu, J (1,1) = Fv.
Ifδ 1 denotes the corresponding degree map, (U ,δ 1 ) is, up to isomorphism, the universal group of the grading.
Consider also the group-grading Γ 2 by the same group with J (0,0) = F1, J (0,1) = Fu, J (1,1) = Fv.
Again, withδ 2 being the degree map of Γ 2 , (U ,δ 2 ) is the universal group of Γ 2 .
The identity map gives an equivalence id : (J, Γ 1 ) → (J, Γ 2 ). The associated group isomorphism α U id : U → U is the swap map (a, b) → (b, a). Let U = Z/4 × Z/2, and let π be the natural projection map U → U which is the identity on the second component and the projection Z/4 → Z/2 on the first component. Then α U id does not extend to a group isomorphism U → U , and therefore id does not extend to an equivalence of the associated loop algebras (L π (J), Γ 1 , U, δ 1 ) and (L π (J), Γ 2 , U, δ 2 ). The same happens with any other equivalence ϕ : (J, Γ 1 ) → (J, Γ 2 ).
If F is algebraically closed of characteristic not 2, then L π (J) is isomorphic to J × J (Theorem 3.7), and we obtain two non-equivalent gradings on the semisimple algebra J × J.
We finish the paper going back to the example L = sl 2 × sl 2 .
Example 5.10. Let F be an algebraically closed field of characteristic not 2. Corollary 5.8 tells us that, up to equivalence, the fine gradings on L = sl 2 × sl 2 are:
• The free product group-gradings (Γ • The grading Γ 1 L (Z × Z/2, (0,1), 1) in Example 4.2, with universal group U = Z × Z/2. The group U = U/ (0,1) is identified naturally with Z. Note that the fine group-grading Γ 1 sl2 is precisely Γ 1 sl2 (Z, 1). This grading is determined explicitly using Equation (7).
• The grading Γ This grading is determined explicitly using Equation (8).
• The grading Γ 2 L (Z/4×Z/2, ( 2,0), Z/2×Z/2). Here we denote by m the class of the integer m modulo 4 and restrict the usual notationm for the class of m modulo 2. The surjective group homomorphism π is the canonical homomorphism Z/4 × Z/2 → Z/2 × Z/2, ( m,n) → (m,n).
Let us give a precise description of this grading. The nontrivial character χ on h = ( 2,0) extends to the character χ on U = Z/4×Z/2 by χ( m,n) = i m , where i denotes a square root of −1 in F.
The grading on the loop algebra L π (sl 2 ) is given by L π (sl 2 ) ( m,n) = (sl 2 ) (m,n) ⊗ ( m,n)
for the homogeneous components (sl 2 ) (m,n) in Equation (4), and through the isomorphism Φ in Equation (6), our grading Γ 2 L (Z/4 × Z/2, ( 2,0), Z/2 × Z/2) on L = sl 2 × sl 2 is given by
That is,
L ( 2,1) = F(E + F, −(E + F )), L ( 1,1) = F(E − F, i(E − F )), L ( 3,1) = F(E − F, −i(E − F )).
